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Abstract
We introduce algebraic sets in the products of the complex pro-
jective spaces for the mixed states in a multipartite quantum systems
as their invariants under local unitary operations. The algebraic sets
have to be the union of the linear subspaces if the mixed state is sep-
arable, and thus we give a new criterion of separability for the mixed
states in multipartite quantum systems. Some examples are studied
by our criterion. Our invariants also can be used to distinguish in-
equivalent mixed states under local unitary operations.
In recent years it became clear that entanglement is one of the most
important ingredients and resources of quantum infromation processing(see
[1],[2]), and thus stimulated tremendous studies of quantum entanglements
of both bipartite and multipartite systems, for a survey we refer to [3],[8]
1
and [9]. For multipartite case, the criterion of Peres-Horodecki said that a
separable mixed state must necessarily have positive partial transposes under
all cuts of the whole system(PPT). It is also observed that the mixed states
with PPT cannot be distilled (bound entanglement). In [14], the separability
of the mixed states in mutipartite systems was studied by linear maps. In
2 × 2 × 2 system, an example of rank 4 entangled mixed state with PPT is
presented in the context of unextendible product bases (UPB,[10]), and this
state is actually separable under the A:BC, AB:C and AC:B cuts. For more
examples related to UPB, we refer to [10] and [11]. For “low” rank PPT
mixed states in 2 × 2 ×N system ,it is proved that they have to be separa-
ble([13]). Examples of 3-party and 4-party entangled mixed states with very
interesting properties were also given and studied in [12] and [15].
In our previous work [20] we introduced algebraic sets (ie., the zero locus
of several multi-variable homogeneous polynomials, see [18]) for the mixed
states in bipartite quantum system and proved that 1)the algebraic-geometric
and metric (Hermitian geometric) properties of these algebraic sets are invari-
ant when local unitary operations are applied to the mixed states, and thus
any algebraic-geometric or Hermitian geometric invariant of the algebraic set
is an invariant of the corresponding mixed state; 2)The algebraic sets have
to be linear if the mixed state is separable. This established a connection be-
tween Quantum Entanglement and both Algebraic and Hermitian Geometry.
In this letter, we continue our study for multipartite quantum systems.
Basically we introduce algebraic sets in the product of the complex projective
spaces (see [18]) for any given mixed state in a mutlipartite quantum system
with the following two properties:
1) When we apply local unitary operations to the mixed state the cor-
responding algebraic sets are changed by a linear transformation, and thus
these invariants can be used to distinguish inequivalent mixed states under
local unitary operations;
2)The algebraic sets are linear (the union of some linear subspaces) if the
mixed state is separable, and thus we give a new separability criterion.
For the algebraic geometry used in this paper, we refer to the nice book
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[18].
We introduce the algebraic sets of the mixed states and prove the results
for tripartite case. Then the multipartite case is similar and we just gener-
alize directly.
LetH = CmA ⊗C
n
B⊗C
l
C and the standard orthogonal base is |ijk >, where,
i = 1, ..., m,j = 1, ..., n and k = 1, ..., l, and ρ is a mixed state on H . We rep-
resent the matrix of ρ in the base {|111 >, ...|11l >, ..., |mn1 >, ..., |mnl >} as
ρ = (ρij,i′j′)1≤i,i′≤m,1≤j,j′≤n, and ρij,i′j′ is a l×l matrix. Consider H as a bipar-
tite system as H = (CmA ⊗C
n
B)⊗C
l
C , then we have VAB(ρ) = {(r11, ..., rmn) ∈
Cmn : det(Σrijr
∗
i′j′ρij,i′j′) = 0} defined as in [20]. When the finer cut A:B:C
is considered we define V A:BAB (ρ) as follows.
Definition 1.Let φ : CPm−1×CP n−1 → CPmn−1 be the mapping defined
by
φ(r1
1
, ...r1m, r
2
1
, ..., r2n) = (r
1
1
r2
1
, ..., r1i r
2
j , ...r
1
mr
2
n) (1)
(ie., rij = r
1
i r
2
j is introduced.)
Then V A:BAB (ρ) is defined as the preimage φ
−1(VAB(ρ)).
Similarly V B:CBC , V
A:C
AC can be defined. In the following statement we just
state the result for V A:BAB . The conclusion holds similarly for other V
′s.
From this definition and Theorem 2 in [20] we immediately have the fol-
lowing result.
Theorem 1. V A:BAB (ρ) is an algebraic set in CP
m−1 × CP n−1.
Theorem 2.Let T = UA⊗UB⊗UC , where UA, UB and UC are the local op-
erations (ie., unitary linear transformation) on CmA , C
n
B and C
l rescpectively.
Then V A:BAB (T (ρ)) = U
−1
A × U
−1
B (V
A:B
AB (ρ)), that is V
A:B
AB (ρ) is a “invariant”
upto a linear transformation of CPm−1 × CP n−1 of the mixed state ρ under
local unitary operations.
3
Proof. Let UA = (u
A
ij)1≤i≤m,1≤j≤m, UB = (u
B
ij)1≤i≤n,1≤j≤n and UC =
(uCij)1≤i≤l,1≤j≤l, be the matrix in the standard orthogonal bases.
Recall the proof of Theorem 1 in [20], we have VAB(T (ρ)) = (UA ⊗
UB)
−1(VAB(ρ)) under the coordinate change
r′kw = Σijriju
A
iku
B
jw
= Σijr
1
i r
2
ju
A
iku
B
jw
= Σij(r
1
i u
A
ik)(r
2
ju
B
jw)
= (Σir
1
i u
A
ik)(Σjr
2
ju
B
jw)
(2)
for k = 1, ..., m, w = 1, ..., n. Thus our conclusion follows from the defini-
tion.
Remark 1. Since U−1A × U
−1
B certainly preserves the (product) Fubini-
Study metric of CPm−1 × CP n−1, we know that all metric properties of
V A:BAB (ρ) are preserved when the local unitary operations are applied to the
mixed state ρ.
In the following statement we give the separability criterion of the mixed
state ρ under the cut A:B:C. The “linear subspace of CPm−1×CP n−1” means
the product of a linear subspace in CPm−1 and a linear subspace in CP n−1.
Theorem 3.If ρ is a separable mixed state on H = CmA ⊗C
n
B⊗C
l
C under
the cut A:B:C, V A:BAB (ρ) is a linear subset of CP
m−1 × CP n−1, ie., it is the
union of the linear subspaces.
Proof. We first consider the separability of ρ under the cut AB:C,ie.,
ρ = Σgf=1pfPaf⊗bf , where af ∈ C
m
A ⊗ C
n
B and bf ∈ C
l
C for f = 1, ..., g. Con-
sider the separability of ρ under the cut A:B:C, we have af = a
′
f ⊗ a
′′
f , a
′
f ∈
CmA , a
′′
f ∈ C
m
B . Let af = (a
1
f , ..., a
mn
f ), a
′
f = (a
′1
f , ..., a
′m
f ) and a
′′
f(a
′′1
f , ..., a
′′n
f ) be
the coordinate forms with the standard orthogonal basis {|ij >}, {|i >} and
{|j >} respectively, we have that aijf = a
′i
fa
′′j
f . Recall the proof of Theorem
3 in [20], the diagonal entries of G in the proof of Theorem 3 in [20] are
4
Σijrija
ij
f =
Σijr
1
i a
′i
f r
2
ja
′′j
f =
(Σir
1
i a
′i
f )(Σjr
1
ja
′′j
f )
(3)
Thus as argued in the proof of Theorem 3 of [20], V A:BAB (ρ) has to be the
zero locus of the multiplications of the linear forms in (3). The conclusion is
proved.
For the mixed state ρ in the multipartite system H = Cm1A1 ⊗ · · · ⊗ C
mk
Ak
,
we want to study the entanglement under the cut Ai1 : Ai2 : ... : Ail :
(Aj1...Ajk−l), where {i1, ..., il}∪{j1, ...jk−l} = {1, ...k}. We can define the set
V
Ai1 :...:Ail
Ai1 ...Ail
(ρ) similarly. We have the following results.
Theorem 1’. V
Ai1 :...:Ail
Ai1 ...Ail
(ρ) is an algebraic set in in CPmi1−1×CPmil−1.
Theorem 2’.Let T = UAi1⊗· · ·⊗UAil⊗Uj1...jk−l, where UAi1 , ..., UAil , Uj1...jk−l
are the local operations (ie., unitary linear transformation) on C
mi1
Ai1
, ..., C
mil
Ail
and (C
mj1
Aj1
⊗ ...⊗C
mjk−l
Ajk−l
) rescpectively. Then V
Ai1 :...:Ail
Ai1 ...Ail
(T (ρ)) = U−1Ai1 × · · ·×
U−1Ail (V
Ai1 :...:Ail
Ai1 ...Ail
(ρ)).
Theorem 3’.If ρ is a separable mixed state on H = Cm1A1 ⊗ · · · ⊗ C
mk
Ak
under the cut Ai1 : Ai2 : ... : Ail : (Aj1 ...Ajk−l), V
Ai1 :...:Ail
Ai1 ...Ail
is a linear subset of
CPmi1−1 × ...× CPmil−1,ie., it is the union of the linear subspaces.
In the following we study and give some examples of mixed states based
on our above results.
Example 1 (J.Smolin [15]). Let H = C2A ⊗ C
2
B ⊗ C
2
C ⊗ C
2
D and
|ψ± >= 1√
2
(|01 > +|10 >)
|φ± >= 1√
2
(|00 > +|11 >)
ρ = 1
4
(P|φ+>AB ⊗ P|φ+>CD + P|φ−>AB ⊗ P|φ−>CD+
P|ψ+>AB ⊗ P|ψ+>CD + P|ψ−>AB ⊗ P|ψ−>CD)
(4)
5
This is a rank 4 mixed state. We can calculate its “invariants” V A:BAB easily
as
V A:B:C:DAB = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 :
(r1
0
r2
0
+ r1
1
r2
1
)(r1
0
r2
0
− r1
1
r2
1
)(r1
0
r2
1
+ r1
1
r2
0
)(r1
0
r2
1
− r1
1
r2
0
) = 0}
(5)
Thus V A:BAB is the union of the four algebraic varieties (corresponding to 4
terms in (5)). Each variety, e.g., {(r1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1×CP 1 : r1
0
r2
0
+ r1
1
r2
1
=
0}, is not linear, since the degree 2 polynomial r1
0
r2
0
+r1
1
r2
1
cannot be factorize
to 2 linear forms. Thus ρ is entangled under the cut A:B:C:D. However from
a result in [9], it is separable under the cuts AB:CD,AC:BD,AD:BC.
The following example can be thought as a generalization of Smolin’s
mixed state.
Example 2. Let H = C2A⊗C
2
B⊗C
2
C ⊗C
2
D and h1, h2, h3, h4 (understood
as row vectors)are 4 mutually orthogonal unit vectors in C4. Consider the
16× 4 matrix T with 16 rows as
T = (a1h
τ
1
, 0, 0, a2h
τ
2
, 0, a3h
τ
3
, a4h
τ
4
, 0, 0, a5h
τ
3
, a6h
τ
4
, 0, a7h
τ
1
, 0, 0, a8h
τ
2
)τ . Let
φ′
1
, φ′
2
, φ′
3
, φ′
4
be 4 vectors in H whose expansions with the base |0000 >
, |0001 >, |0010 >, |0011 >, |0100 >, |0101 >, |0110 >, |0111 >, |1000 >,
|1001 >, |1010 >, |1011 >, |1100 >, |1101 >, |1110 >, |1111 > are exactly the
4 columns of the matrix T and φ1, φ2, φ3, φ4 are the normalized unit vectors
of φ′
1
, φ′
2
, φ′
3
, φ′
4
. Let ρ = 1
4
(Pφ1 + Pφ2 + Pφ3 + Pφ4).
It is easy to check that when h1 = (1, 1, 0, 0), h2 = (1,−1, 0, 0), h3 =
(0, 0, 1, 1), h4 = (0, 0, 1,−1) and a1 = a2 = a3 = a4 = 1. It is just the So-
molin’s example in [15]
Now we prove that ρ is invariant under the partial transposes of the cuts
AB:CD,AC:BD,AD:BC.
Let the “representation” matrix T = (bijkl)i=0,1,j=0,1,k=0,1,l=0,1 is the ma-
trix with columns corresponding the expansions of φ1, φ2, φ3, φ4.Then we can
consider that T = (T1, T2, T3, T4)
τ is blocked matrix of size 4 × 1 with each
block Tij = (bkl)k=0,1,l=0,1 a 4 × 4 matrix,where ij = 00, 01, 10, 11. Because
h1, h2, h3, h4 are mutually orthogonal unit vectors we can easily check that
6
Tij(T
∗
i′j′)
τ = Ti′j′(T
∗
ij)
τ Thus it is invariant when the partial transpose of the
cut AB:CD is applied.
With the same methods we can check that ρ is invariant when the partial
transposes of the cuts AC:BD, AD:BC are applied. Hence ρ is PPT under
the cuts AB:CD, AC:BD,AD:BC. Thus from a result in [9] we know ρ is
separable under these cuts AB:CD, AC:BD,AD:BC.
Now we want to prove ρ is entangled under the cut A:BCD by comput-
ing VBCD(ρ). From the arguments in [20] and this paper, we can check that
VBCD(ρ) is the locus of the condition: a1h1r000+a2h2r011+a3h3r101+a4h4r110
and a7h1r100 + a8h2r111 + a5h3r001 + a6h4r010 are linear dependent. This is
equivalent to the condition that the matrix (6) is of rank 1.
(
a7r100 a8r111 a5r001 a6r010
a1r000 a2r011 a3r101 a4r110
)
(6)
From [18] pp. 25-26 we can check that VBCD(ρ) is exactly the famous
Segre variety in algebraic geometry. It is irreducible and thus cannot be lin-
ear. From Theorem 3 in [20], ρ is entangled under the cut A:BCD. Similarly
we can prove that ρ is entangled under the cuts B:ACD, C:ABD, D:ABC.
Now we compute V A:BAB . From the arguments in [20] and Definition 1
, it is just the locus of the condition that the vectors h1(a1r
1
0
r2
0
+ a7r
1
1
r2
1
),
h3(a3r
1
0
r2
1
+ a5r
1
1
r2
0
), h4(a4r
1
0
r2
1
+ a6r
1
1
r2
0
), h2(a2r
1
0
r2
0
+ a8r
1
1
r2
1
) are linear de-
pendent. Since h1, h2, h3, h4 are mutually orthogonal unit vectors,
V A:BAB = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 :
(a1r
1
0
r2
0
+ a7r
1
1
r2
1
)(a3r
1
0
r2
1
+ a5r
1
1
r2
0
)(a4r
1
0
r2
1
+ a6r
1
1
r2
0
)(a2r
1
0
r2
0
+ a8r
1
1
r2
1
) = 0}
(7)
Let λ1 = −a1/a7, λ2 = −a3/a5, λ3 = −a4/a6, λ4 = −a2/a8 and consider
the family of the mixed states {ρλ1,2,3,4}, we want to prove the following state-
ment.
Theorem 4. There are uncountably many members which are inequiv-
alent under the local operations on H = C2A ⊗ C
2
B ⊗ C
2
C ⊗ C
2
D in the above
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family of mixed states on H.
Proof. From the above computation, V A:BAB (ρλ1,2,3,4) is the union of the
following 4 algbraic varieties in CP 1 × CP 1.
V1 = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 : r1
0
r2
0
− λ1r
1
1
r2
1
= 0}
V2 = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 : r1
0
r2
1
− λ2r
1
1
r2
0
= 0}
V3 = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 : r1
0
r2
1
− λ3r
1
1
r2
0
= 0}
V4 = {(r
1
0
, r1
1
, r2
0
, r2
1
) ∈ CP 1 × CP 1 : r1
0
r2
0
− λ4r
1
1
r2
1
= 0}
(8)
From Theorem 2, if ρλ1,2,3,4 and ρλ′1,2,3,4 are equivalent by a local operation,
there must exist 2 fractional linear transformations T1, T2 of CP
1 such that
T = T1 × T2 (acting on CP
1 × CP 1) transforms the 4 varieties V1, V2, V3, V4
of ρλ1,2,3,4 to the 4 varieties V
′
1
, V ′
2
, V ′
3
, V ′
4
of ρλ′
1,2,3,4
,ie., T (Vi) = V
′
j .
Introduce the inhomogeneous coordinates x1 = r
1
0
/r1
1
, x2 = r
2
0
/h2
1
. Let
T1(x1) = (ax1 + b)/(cx1 + d). Suppose T (Vi) = V
′
i , i = 1, 2, 3, 4. Then we
have abλ1 = cdλ
′
1
λ′
2
and abλ4 = cdλ
′
3
λ′
4
. Hence λ1λ
′
3
λ′
4
= λ′
1
λ′
2
λ4. This means
that there are some algebraic relations of parameters if the T exists. Simi-
larly we can get the same conclusion for the other possibilities T (Vi) = V
′
j .
This implies that there are some algebraic relations of parameters λ1,2,3,4 and
λ′
1,2,3,4 if ρλ1,2,3,4 and ρλ′1,2,3,4 are equivalent by a local operation. Hence our
conclusion follows immediately.
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